Introduction
The purpose of this note is to announce the proof of the conjecture stated by the authors in [KT1] . In [KT2] we show that the "weak" regularity of the Poisson kernel of a domain fully determines the geometry of its boundary. Namely, we show that if Ω is a δ-Reifenberg flat chord arc domain for δ > 0 small enough, and the logarithm of the Poisson kernel has vanishing mean oscillation, then the unit normal vector to the boundary also has vanishing mean oscillation.
Jerison (see [J] ) introduced the end point problem in higher dimensions, but treated it under more restrictive assumptions, namely that the boundary is given locally as a Lipschitz graph, and the normal derivative data is continuous as opposed to having vanishing mean oscillation. His paper is based on the work of Jerison-Kenig [JK2] and first points out the connection with the work of Alt and Caffarelli [AC] . There is an error in Lemma 4 of Jerison's paper. Nevertheless in our previous work (see [KT1] ) we made considerable use of the ideas in [J] . In the present work we bypass this approach.
It is interesting to compare our results with those of Pommerenke [P] and those of Alt and Caffarelli [AC] . In all cases the oscillation of the logarithm of the Poisson kernel, k A , controls the geometry of the boundary and the oscillation of the unit normal.
Main Theorem. Assume that
Then Ω is a chord arc domain with vanishing constant, i.e − → n ∈ VMO(∂Ω).
Remark. Note that in [KT3] we have shown the converse of this, namely that if Ω ⊂ R n+1 is a δ-Reifenberg flat chord arc domain and − → n ∈ VMO(dσ) then log k A ∈ VMO(dσ).
The results of Pommerenke and Alt and Caffarelli are as follows. Theorem [P] Let Ω ⊂ R 2 be a chord arc domain. Then Ω is a chord arc domain with vanishing constant if and only if log k A ∈ VMO(∂Ω).
Theorem [AC] Assume that
n+1 is a δ-Reifenberg flat chord arc domain for some δ > 0 small enough; 2. log k A ∈ C 0,β for some β ∈ (0, 1).
Then Ω is a C 1,α domain for some α ∈ (0, 1) which depends on β and n.
Recall that a set of locally finite perimeter (see [EG] ) Ω ⊂ R n+1 is said to be a δ-Reifenberg flat chord arc domain, if Ω is a δ-Reifenberg flat domain whose boundary is Ahlfors regular (i.e. H n (∂Ω ∩ B(Q, r)) ∼ r n for Q ∈ ∂Ω and r ∈ (0, diamΩ)). Recall also that a δ-Reifenberg flat domain in R n+1 is a domain satisfying the separation property, and such that its boundary can be locally approximated by n-dimensional affine spaces in the Hausdorff distance sense (δ measures how accurate this approximation is). Here δ > 0 is chosen so that a δ-Reifenberg flat domain is NTA (see [JK1] and [KT3] ). Recall also that a set of locally finite perimeter whose boundary is Ahlfors regular is said to be a chord arc domain if it an NTA domain.
We would like to emphasize that the hypothesis 1 above is necessary. Keldysh and Lavrentiev (see [KL] ) constructed a domain in R 2 whose boundary is rectifiable but not Ahlfors regular, whose Poisson kernel is identically equal to 1 and which is not C 1 . Moreover there are examples of domains in R 2 whose boundary is Reifenberg flat with vanishing constant, rectifiable but not Ahlfors regular, for which the logarithm of the Poisson kernel is Hölder continuous and which are not C 1 domains (see [Du] ). Furthermore, if n ≥ 2 Pommerenke's result does not hold. Namely there are examples of chord arc domains whose Poisson kernel has logarithm in VMO, but whose boundaries contain a neighborhood of the vertex of a double cone (see [AC] and [KT1] ).
The basic technique used to prove the Main Theorem is a blow up argument which uses geometric and analytic information about the free boundary regularity problem for the Poisson kernel. We combine this with a generalized version of the Alt-Caffarelli result (see Appendix B in [KT2] ) to show that given any blow up sequence there is a subsequence such that (modulo rotation and translation) the blow-up domains converge to the upper half space R n+1 + and the blow-up functions converge to the function u(x, x n+1 ) = x n+1 .
AC type result
The following result establishes a criteria, via potential theory, for a Reifenberg flat chord arc domain to be a half space. This criteria is solely stated in terms of the behavior of the Poisson kernel with pole at infinity. Theorem 2.1 and Corollary 2.1, whose proofs appear in [KT4] , are versions of the results in Sections 7 and 8 in [AC] .
Theorem 2.1. There exists δ n > 0 so that if Ω ⊂ R n+1 is an unbounded δ-Reifenberg flat chord arc domain for δ ∈ (0, δ n ) and u and h satisfy
and
then Ω is a half space, and in suitable orthogonal coordinates u(x, x n+1 ) = x n+1 .
In Theorem
2.1 u denotes the Green's function with pole at infinity and h = dω dσ the corresponding Poisson kernel. Here ω denotes the harmonic measure with pole at infinity, and σ = H n
∂Ω.
If Ω is a half space Liouville's theorem and (2.3) ensure that u(x, x n+1 ) = x n+1 (see [KT3] ).
Corollary 2.1. There exists
δ n > 0 so that for δ ∈ (0, δ n ), if Ω ⊂ R n+1
is an unbounded δ-Reifenberg flat chord arc domain, u and h satisfy (2.1), (2.2) and
then Ω is a half space.
Corollary 2.1 follows from Theorem 2.1 and the following estimate for the gradient of the Green's function (see [KT2] , Section 3).
Theorem 2.2. There exists δ
n > 0 so that for δ ∈ (0, δ n ), if Ω ⊂ R n+1
is an unbounded δ-Reifenberg flat chord arc domain, and u and h satisfy (2.1), (2.2) with log h ∈ VMO(∂Ω) then for all X ∈ Ω we have
|∇u(X)| ≤ ∂Ω h(Q)dω X (Q). (2.5)
Blow up technique
We present a general construction of blow-up sequences for Reifenberg flat chord arc domains whose Poisson kernel has logarithm in VMO. The main result is that any such sequence has a subsequence whose limit satisfies the hypothesis of the generalized version of Alt's and Caffarelli's result presented in §2. For the proofs we refer the reader to §4 in [KT2] .
Let Ω ⊂ R n+1 be a δ-Reifenberg flat chord arc domain, with δ > 0 small enough. Here u denotes either the Green's function with pole at A or with pole at infinity, ω and h denote the corresponding harmonic measure, and Poisson kernel respectively, and dω = hdσ where σ = H n ∂Ω (see definitions in [KT1] ). We assume that log h ∈ VMO(∂Ω). Let Q i ∈ ∂Ω, and assume Q i → Q ∞ ∈ ∂Ω as i → ∞. Let {r i } i≥1 be a sequence of positive numbers so that lim i→∞ r i = 0.
Consider the domains
Consider also the functions u i on Ω i defined by
Note that
where Ω * i = Ω i if u is the Green's function with pole at infinity and 
Since log h ∈ VMO(∂Ω), by including the term B(Q i ,r i ) hdσ in the denominator of the function u i defined in (3.2) we "remove the singularity" of the Poisson kernel of the limit domain. This is the "correct" type of blow up which allows us to connect the geometry of the limit domain to the analytic properties of its Green's function with pole at infinity. where Ω ∞ is an unbounded 4δ-Reifenberg flat chord arc domain. Moreover
(3.9) 
Since log h ∈ VMO(∂Ω) the average B(Q,r) hdσ is close to the value of log h in a proportionally large subset of B(Q, r) ∩ ∂Ω. This remark allows us to conclude that (3.11) holds, which is crucial to the application, and which fails in general under just (3.6) and (3.7).
Proof of the Main Theorem
Let K ⊂ R n+1 be a compact set, and let
where
Our goal is to show that l = 0. There exist sequences {Q i } i≥1 ⊂ ∂Ω ∩ K, and
We consider the blow up sequences Ω i = r
and h i associated with Q i and r i as in (3.2), (3.4) and (3.5). Then (3.6), (3.7), (3.8), (3.9), (3.10), (3.12), and (3.13), combined with Theorem 2.1 ensure that by passing to a subsequence (which we relabel), and modulo rotation we have that
in the Hausdorff distance sense, (4.4) uniformly on compact sets,
in the Hausdorff distance sense, (4.5) uniformly on compact sets, and 
